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Using the computational package TK Solver, optimal position and velocity syntheses are performed
for the crank-rocker mechanism. The performance measure for optimization is defined as the least
squares error between the desired motion and the actual motion, with relations between the design
variables and the performance measure being derived from vector diagrams. An optimization for
the dimensions of two links is carried out by a one dimensional search, in combination with the list
solving facility provided by TK. This paper shows that this type of mechanism synthesis problem is
easily solved by the application of numerical optimization, and the convenient computational
features of the TK Solver package.

SUMMARY OF EDUCATIONAL
ASPECTS OF THIS PAPER

1. The paper discusses materials for a course in
Dynamics of Rigid Bodies.

2. Students of all branches of Engineering are
taught in this course.

3. Level of the course: Year 2.
4. Mode of presentation is lecture/tutorial.
5. The material is presented in a regular course.
6. The hours required to cover the material is

3� 3 per week.
7. Student homework or revision hours required

for the materials is about 4.
8. The paper presents an `easy' method to

address the `difficult' problem of linkage
length optimization.

9. The standard text recommended in the course,
in addition to author's notes is Bedford and
Fowler: Dynamics.

10. The paper describes software applications
useful in the Mechanical Engineering discip-
lines for Years 2 onwards using TK Solver
library search `Golden' employed for linkage
optimization. The programs allow an `infinite'
variety of exercises to be set for students
which have been tested in the classroom or
in project work in a very limited fashion.
This paper extends some of the elements of
previous papers by the authors using the
concept of pseudographics and TK Solver as
the working tool. Programming in a formal
language is replaced by TK code and TK
library functionsÐa big convenience.

INTRODUCTION

IN courses such as Dynamics of Machines, linkage
synthesis is an important topic. Traditionally two
methods are used

. graphical synthesis

. analytical synthesis.

The graphical approach is intuitive, but the
method can be tedious and inaccurate when a
multi-position solution is required. The analytical
method uses successive differentiation of the
position vector equation to yield expressions for
velocity and acceleration. The algebraic nature of
this procedure makes it suitable for the appli-
cation of computers, but formulating the rela-
tions between the design parameters and the
desired motion path can be demanding. Without
an explicit relation, computation is difficult to
perform.

Norton [1] uses complex number algebra to
execute an analytical solution. However, the
mathematics involved are somewhat tortuous,
and may become discouraging to students who
are not facile with complex number manipulation.

The graphical solution depends essentially on a
series of vector diagrams, and Boyle [2] has devised
a computational/graphical method, named `pseudo-
graphics', to generate Cartesian co-ordinates for
the vector diagrams. Rather than depending on
vector algebra, the method has a computational
foundation, and preserves the intuitive features of
the graphical solution. However, pseudographics
result in a set of relations in which it is not easy to
separate the unknowns from the knowns, a neces-
sary first step to programming in a conventional
language.

The rule-based and backsolving features of TK
Solver [3] make it very suitable for handling the* Accepted 15 March 1996.
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relations derived from vector diagrams. Students
need only find a sufficient number of rules to allow
the model to solve for the unknowns; isolation of
unknowns is mostly unnecessary.

If no direct and explicit relation between the
desired motion and the design parameters can
be found, the design problem can be approached

by trial and error methods, typically demanding
a high level of computational power. However,
when it is possible to specify an exact relation,
not necessarily in an explicit fashion, between
the design objective and the control variables,
then the use of an optimization technique may
mean that a high quality design can be obtained

Fig. 1. Crank-rocker mechanism.

Fig. 2. Plot of performance measure vs. length L3 for various values of length L2.
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Fig. 3. TK program for position optimization. (a) Rule Sheet. (b) Procedure Function POSPE. (c) Rule Function POS for position
synthesis. (d) Variable Sheet. (e) Table Sheet.

(a)

(b)

(c)
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with efficiency [4]. A linkage synthesis problem
can be easily modelled vis aÁ vis optimization. The
performance measure of a best design can be
defined as the least squares error between the
desired motion and the actual motion, with
parameters such as the lengths of the links
chosen in such a way that the performance
measure is minimized. TK has a library of
optimization algorithms, and in this paper the
package is used, in conjunction with pseudo-
graphics, to demonstrate linkage optimization
for a crank-rocker mechanism.

POSITION SYNTHESIS

A typical position synthesis problem may be
stated as follows. Design a crank-rocker mecha-
nism, as shown in Fig. 1, such that the output
angular position, �3, of the rocker, follows a
relation defined as a function of the input angular
position of the crank, �1, as the crank rotates from
�10 to ��10 � 908�, i.e.,

�d
3i � �d

30 �
2

3�
��1i ÿ �10�m �1�

Fig. 3. (Continued).

(d)

(e)
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Fig. 4. Comparison of the desired motion and optimal motion. (a) m � 1. (b) m � 1:5.

(a)

(b)
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where the superscript `d' represents the desired
position. The exponent m > 0 can be varied to
obtain different desired motions. �10 and �d

30 are
right extreme angles for the crank and rocker
respectively. They are defined in Fig. 1 (dashed
line) as:

L2
3 � �L1 � L2�2 � L2

4 ÿ 2�L1 � L2�L4 cos ��10�
�L1 � L2�2 � L2

3 � L2
4 ÿ 2L3L4 cos�1808ÿ �d

30�
�2�

Performance measure
The performance measure is defined as the least

squares error between the desired angular position
and the actual angular position:

J�L2;L3� �
������������������������������Xn

i�0

��3i ÿ �d
3i�2

s
=��d

3n ÿ �d
30� �3�

By minimizing the performance measure J�L2;L3�
a best design, J�L�2;L�3�, can be achieved. In Fig. 2,
values of the performance measure are plotted for
L3 in the range 5.5 to 9.3, with various constant
values for L2. The determination of the minimum
performance measure J is, prima facie a two-
dimension optimization problem, but, for simpli-
fication purposes, a best combination of L�2 and L�3
is found by a one-dimension search, in conjunction
with the list-solving facility provided by TK.

TK Solver Program
TK has a well organized structure, subdividing

the complete program into various task sheets.
Figure 3(a) shows the TK Rule Sheet, with L3

chosen as the variable to be optimized, and L2

chosen as a list input variable. The search range for
L3 is determined by the Grashof conditions:

Lower limit:

max �L3 � L1 � L4 ÿ L2 or L3 � L1 � L2 ÿ L4�
Upper limit:

L3 � L2 � L4 ÿ L1 �4�
The search is accomplished by using the Golden
search algorithm [4], as featured in the TK library
function named Golden. Figure 3(b) shows a user-
defined procedure function named POSPE called
by Golden. The procedure function allows use of
looping control and list variables, and within
POSPE a rule function named POS, shown in
Fig. 3(c), is invoked. Provided with arguments �1

and L2, the function POS solves for �2 and �3, using
the following rules derived from the geometry of
Fig. 1:

r �
���������������������������������������������������
L2

1 � L2
4 ÿ 2L1L4 cos ��1�

q
L2

2 � r2 � L2
3 ÿ 2rL3 cos ���

L2
1 � r2 � L2

4 ÿ 2rL4 cos ���
L2 sin ��2� � L3 sin ��3� ÿ L1 sin ��1�

L2 sin ��2� � L4 � L3 ÿ L1 cos ��1�

�3 �
�ÿ �ÿ � if 0 � �1 � �
�ÿ �� � if � < �1 � 2�

(
�5�

The Variable Sheet is shown in Fig. 3(d). It may be
noted that the output variables optL3 and pospe are
list variables; with given input variables L1, L2, L4,
n, and m, list solving can be conducted. Figure 3(e)
shows a typical Table Sheet containing the solution
for m � 1:5. From this sheet the best combination
of L2 and optL3 can be found. The TK Plot Sheet
facilitates a graphical depiction of the results.
Figure 4 shows two plots comparing the desired
motion and the best output motion for m � 1
and m � 1:5, and it can be seen that a best fit is
obtained for the latter case. The program is easily
modified to accommodate L2 as the variable to be
optimized; L3 then becoming a list variable.

VELOCITY SYNTHESIS

In a manner similar to that described above,
a velocity synthesis can be conducted. A typical
problem may be stated as follows: Given the crank
angular velocity, !1, during the motion period �
defined by:

!1 �
!1mt=� t � �=2

2!1m�1ÿ t=�� �=2 < t � �
�

�6�

where !1m is the maximum angular velocity of
the crank, design a crank-rocker linkage such that
the rocker angular velocity, !3, follows the pattern
defined by:

!d
3 � 0:2!1 �7�

For this problem the performance measure can be
defined as:

J�L2;L3� �
�������������������������������Xn

i�0

�!3i ÿ !d
3i�2

s
�8�

Fig. 5. Velocity vector diagram.
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Fig. 6. TK program for velocity optimization. (a) Rule Sheet. (b) Procedure Function VELPE. (c) Rule Function POS for velocity
synthesis. (d) Rule Function VEL.

(a)

(b)

(c)
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The velocity rules can be found from the vector
diagram shown in Fig. 5:

!3L3 sin ��3 ÿ �2� � !1L1 sin ��1 ÿ �2�
!2L2 sin ��2 ÿ �3� � !1L1 sin ��3 ÿ �1�

�!2L2�2 � �!1L1�2 � �!3L3�2

ÿ 2�!1L1��!3L3� cos ��3 ÿ �1�
�9�

The Rule Sheet is shown in Fig. 6(a). For illus-
trative purposes L2 is chosen for optimization, and
L3 is nominated as a list variable. A procedure
function named VELPE, Fig. 6(b), first calls two
rule functions POS and VEL, as shown in Fig. 6(c)
and (d) respectively, and then computes the per-
formance measure of equation (8). A comparison
of the desired velocity, !d

3 , and best velocity, !�3, is
shown in Fig. 7, with L�3 � 8 and L�2 � 10:8235.
Optimization produces a curve closely fitting the
desired one.

(d)

Fig. 6 (Continued).

Fig. 7. Comparison of the desired velocity and optimal velocity for L�2 � 10:8235 and L�3 � 8.
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CONCLUSIONS

Many unique features of TK Solver make it
an ideal computational vehicle for mechanism
analysis and synthesis. The work reported above
illustrates a particular application. The relations
between link positions and between link angular
velocities are deduced from vector diagrams, and
these expressions are used directly in TK rule
functions. The difficulties associated with sepa-
rating unknown from known, and of writing
equations in sequential formulation, as required

by conventional programming languages, are
avoided. A two-dimension optimization is accom-
plished, using a one-dimension search algorithm
combined with list solving.

The variety of utilities provided by TK, such
as Plot Sheet, Table Sheet, and Variable Sheet,
greatly facilitates problem solving and easy
visualization. TK Solver makes this optimization
problem straightforward and manageable, and the
reported work can readily be modified to suit other
design optimization situations.
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