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Back-of-the-envelope (BOTE) problems are informal estimation problems frequently used by engineers to come up with

fast and simple estimates for solutions to much more complex problems. Although these problems are well-known within

engineering, they remain essentially undefined in the academic literature. This poses a problem for instructors and

managers who try to teach BOTE problem-solving, because one cannot teach something that one cannot measure or

characterize. To this end, we interviewed 11 engineers from a range of subdisciplines about how and why they use BOTE

calculations in their work. We chose to characterize BOTE calculations in terms of the cognitive decisions made by the

solver at each stage of the process. We found that BOTE calculations could be characterized in terms of a limited set of 14

decisions. By identifying these decisions, we have identified the decisions one must practice and receive feedback on to

learn how to solve BOTE problems.
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1. Introduction

There are frequently reports of skills gaps – dis-

connects between the knowledge graduating engi-

neers have and the knowledge employers expect

them to have once they enter the workplace [1].

This is because engineers receive relatively little

practice solving the kinds of authentic engineering

problems they will encounter in the workplace. This
is typically limited to project-based, capstone and

cornerstone design courses. Our previous work has

shown that, though these courses do successfully

teach students how to solve real engineering pro-

blems, students are far from where one might hope

they would be at the end of an engineering program

[2].

While the problems that engineering students
encounter in most of their coursework are often

difficult and involve complicated calculations or

concepts, the solution is often procedural, and all

information and necessary assumptions are given to

the student. By contrast, authentic problems that

students are expected to solve after college are

unrestricted because ‘‘they possess conflicting

goals, multiple solution methods, [non-scientific
success standards, outside constraints], unantici-

pated problems, distributed knowledge, collabora-

tive activity systems, andmultiple forms of problem

representation.’’ [3]. We include examples of both

kinds of problems in Table 1. The textbook pro-

blem presents all the necessary information, what

assumptions can be made, and even what concepts

apply. The authentic problems are open-ended,
have multiple potential solutions depending on

the assumptions made, require the solver to make
a plan and gather information, and finally to make

a decision based on the available data.

While, in practice, engineering problem-solving

requires precision, engineers will frequently decide

whether something is feasible via a more informal,

back-of-the-envelope (BOTE) calculation. BOTE

calculations are attributed to the physicist, Enrico

Fermi, who was famous for posing challenging
estimation problems that had a clever and brief

solution (e.g., the piano tuner problem). The precise

origin of this phrase is unknown, but Fermi is one of

the most famous users of BOTE calculations. For

example, he estimated the energy yield of the first

atomic bomb knowing only how far some test

pieces of paper were pushed by the blast waves [5].

Fermi’s problems were usually designed to show-
case approximation and simplification methods

that can be used to solve interesting physics ques-

tions, like ‘‘How big an asteroid could you escape

from by jumping?’’ [6]. These questions did not

always have practical applications but modeled

the type of simplifications that students should be

learning and encouraged students to think carefully

about how to model a problem before turning to a
calculator. In practice, BOTE problems are more

practical and have a specific purpose – to make a

data-driven engineering decision without spending

the time and resources to make a formal calcula-

tion.

Despite a careful literature review, we could find

no academic definition of a BOTE calculation. The

information that does exist is anecdotal and based
on the experiences and ideas of individual physicists
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and engineers [6–9]. In our personal conversations

with educators and engineers, those who train
engineers have expressed regret that their students

are not learning how to do BOTE calculations in

school. From an educational research perspective,

this naturally prompts the question of ‘‘how do we

teach this skill better?,’’ but first we need to know

what exactly the skills are that comprise BOTE

calculations.

We chose to characterize BOTE calculations in
terms of the decisionsmade by an engineer as they do

a BOTE calculation. This is in line with arguments

that problem-solving is about learning how to make

decisions with limited information [10, 11]. We used

retrospective interviews with practicing engineers to

determine: (1) what is a BOTE calculation, (2) how is

it used, and (3) how is its quality assessed.

2. Analytical Framework

Researchers in discipline-based education research
have long studied problem-solving [3, 12–20].

Initial work was focused on identifying expert-

novice differences in problem-solving [21], and

later turned to develop methods of teaching pro-

blem-solving to students based on empirical find-

ings and prescriptive models [22–27].
One important limitation to this previous work is

that the results are based on how students and

experts solve structured textbook-like problems.

Though these are challenging for students, they

are often procedural for experts. More recent

work has looked at how experts solve problems

that are challenging to them [15, 28]. These pro-

blems have conflicting goals, multiple solution
methods, and multiple forms of representation

[29]. Solving these problems involves making deci-

sions with limited information, unlike problems

typically encountered in courses [17, 30].

Our research group recently developed an

empirical framework for how experts solve authen-

tic problems. We conducted a study with over 50

expert scientists, engineers, and medical doctors to
determine how they solved a typical problem in

their work [31]. Interviews were based on a mod-

ification of the critical decision method of cognitive

task analysis [32], and experts were asked to focus

on the decisions that they made. We identified 29

decisions and 5 additional non-decision themes that

were consistent across fields. Ref. [33] identified
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some of the decisions that Price et al., (2021)

identified, but their list is not complete.

This previous work argued that this is a complete

list of decisions involved in solving an authentic

problem, and that the degree of authenticity of a

problem could be characterized by the number of
decisions left open to the solver and the number of

decisions made for the solver. For example, a text-

book problem allows the solver to make few deci-

sions: what concepts apply, what similar problems

has the solver seen before, andwhat calculations are

needed. More authentic problems may require the

solver to make assumptions, gather information,

reflect on the quality of the information, etc. We
thus sought to identify which decisions are involved

in making BOTE calculations. In principle, BOTE

calculations share many of the same characteristics

as an authentic problem. The solver may have to

decide how to model the system, what assumptions

they can make, what information they need,

whether information they have is valid/reliable,

and whether their final solution makes sense. If we
can identify which of the 29 decisions are involved

in making BOTE calculations, we can then give

students opportunities to deliberately practice

making those decisions to strengthen their pro-

blem-solving skills [34].

3. Methods

We conducted semi-structured interviews with 11
expert engineers with at least 3 years of experience

in industry to capture the decision-making process

involved in solving authentic problems with BOTE

calculations. The protocol was designed to first

probe engineers’ first impressions of BOTE calcula-

tions, and then explicitly ask them why they use

those calculations, how they generally do them, and

how they evaluate BOTE calculations. Then, fol-
lowing Ref. 31, we asked them to describe a recent

BOTE calculation they had made. We made a

methodological decision to use retrospective inter-

views following Price et al. [31]. This was chosen as

an alternative to think-aloud interviews because we

did not want to bias our findings by investigating

how experts solved problems that we deemed to be

BOTE problems, but which they may not have
agreed fit that category. We discuss the limitations

to our findings that result from this decision in the

discussion. The interview protocol is given in sub-

section 3.1.

3.1 Interview Protocol

1. Are you familiar with ‘‘back-of-the-envelope

calculations’’ or ‘‘Fermi problems’’? If so,

please briefly explain what you think defines

these types of problems.

2. Why do you do back-of-the-envelope calcula-

tions?

(a) What is the value of BOTE calculations?

(b) What would make you decide to do a

BOTE calculation?

(c) Are there particular scenarios in which you
would avoid doing a BOTE calculation?

3. What is the general approach that you take to

back of the envelope problems?

(a) What information do you need to know?

(b) Do you think it is desirable to look up

quantities or information for a BOTE

calculation?

(c) Do BOTE calculations require the use of
physical law/models of physical phenom-

ena? How can you decide what models to

choose?

(d) What is the role of physical/mathematical

intuition in these problems?

4. How would you evaluate the quality of a back

of the envelope solution?

(a) How can you tell if the approximations and
assumptions you are making are good?

(b) How do you know if you are on the right

path?

5. Please walk me through a recent back of the

envelope calculation you made.

(a) What decisions did you make?

(b) What was the purpose of that calculation?

(c) Howdid you decide if youwere on the right
path?

3.2 Analysis

The expert-made decisions were counted binarily:

they either recalled having made a given decision in

their professional experience or they did not. It is

important to note that the engineers’ work experi-
ence varied widely, including chemical engineering,

biomolecular engineering, civil engineering, pro-

cess-design engineering, materials science and engi-

neering, and systems engineering. This means that,

while there were central decisions made by all types

of engineers, there may be slight differences in

solving processes that are dependent on specific

engineering subfields. These differences between
branches of engineering were not meant to be

captured with our interview protocol. We focused

on what key decisions are shared among these

different types of engineers to develop a stronger

understanding of the solving process involved in

making quick, order-of-magnitude estimations.

We used a grounded theory approach to analyze

the interviews. We first examined the interview
transcripts for evidence of themes in the data. We

then came up with a preliminary coding scheme and

hierarchical organization codes. After further dis-

cussion, we realized that our emergent codes could
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be re-labeled and re-organized according to the

theoretical framework proposed by Price et al.

[31]. We then re-coded the interviews using this a

priori coding scheme. The 11 interviews were coded

according to this a priori scheme by both authors.

The two authors then met and resolved any dis-
agreements in coding. Finally, the coding was

reviewed by one of the authors of the original

theoretical framework to check for misunderstand-

ings.

Our group’s expert-decision making framework

was used to code the results from the interviews.

This framework consists of 29 key decisions made

by experts when solving authentic, real-world pro-
blems. These are decisions that students must

practice, with the support and feedback from an

instructor [34]. to develop expertise in problem-

solving. They are categorized into six sections: (A)

Selection and Goals, (B) Frame Problem, (C) Plan

Process for Solving, (D) Interpret Information and

Choose Solutions, (E) Reflect, and (F) Ongoing

Knowledge and Skill Development. The expert-
made decisions from our interviews were organized

by these categorizations, however, the specific num-

bering and order of these decisions is solely for

reference since, in practice, the decisions made by

experts do not follow a repeated procedure.

4. Results

The number of engineers mentioning each decision
is listed in Table 2.

SectionA ‘‘Selection andGoals’’ consists of three

decisions that experts make when determining the

important problems within their field, the objectives

to be accomplished within their problem, and the

limitations of their task. 10/11 engineers said that

they consider the goals, criteria, and constrains of

the problem (Decision #3).
Section B ‘‘Frame Problem’’ includes six deci-

sions that are made by experts when they are

developing their solution plan and potential solu-

tions. 10/11 subjects said that they considered the

important features and information of their pro-

blem (#4). 11/11 said that they develop and use a

predictive framework (#5). 7/11 said that they
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Table 2.Decisions made by 9/11 or more engineers are labeled by two asterisks (**). Decisions made by 7/11 or more are labeled by one
asterisk (*)

Category Decision X/11 Label

A. Selection and Goals (1) What is important in field? 0

(2) Opportunity fits solver’s expertise? 0

(3) Goals, criteria, constraints? 10 **

B. Frame Problem (4) Important features and info? 10 **

(5) What predictive framework? 11 **

(6) Narrow down problem. 0

(7) Related problems? 7 *

(8) Potential solutions? 10 **

(9) Is problem solvable? 8 *

C. Plan Process for Solving (10) Approximations and simplifications. 11 **

(11) Decompose into sub-problems. 0

(12) Most difficult or uncertain areas? 0

(13) What info needed? 10 **

(14) Priorities. 9 **

(15) Specific plan for getting information. 0

D. Interpret Information and
Choose Solutions

(16) Calculations and data analysis. 11 **

(17) Represent and organize info. 7 *

(18) How believable is information? 7 *

(19) Compare to predictions. 0

(20) Any significant anomalies? 0

(21) Appropriate conclusions? 0

(22) What is the best solution? 3

E. Reflect (ongoing) (23) Assumptions + simplifications appropriate? 3

(24) Additional knowledge needed? 0

(25) How well is solving approach working? 4

(26) How good is solution?How adequate is the chosen solution? 11 **

F. Implications and
Communications of Results

(27) Broader implications? 0

(28) Audience for communication? 8 *

(29) Best way to present work? 0



consider problems that are related to their current

problem (#7). 10/11 said that they consider the

various solutions that are reasonable to expect

when starting their problem (#8). 8/11 think

about whether their problem is even solvable or

worth solving (#9).
Section C ‘‘Plan Process for Solving’’ contains

six decisions that are performed at the planning

stage of the solution process. 11/11 experts use

approximations and simplifications in their BOTE

calculations (#10), 10/11 consider what informa-

tion is required to adequately solve their problem

(#13), and 9/11 said that they make it their

priority to obtain a solution quickly and efficiently
(#14).

Section D ‘‘Interpret Information and Choose

Solutions’’ includes seven decisions that experts

make when interpreting the reliability and validity

of the available information and obtained solu-

tions, respectively. 11/11 engineers performed cal-

culations (#16), 7/11 represented and organized the

information needed to solve the problem (#17), and
7/11 verified the believability of the information at

hand (#18). 3/11 engineers had to figure out what

the best solution out of a range of solutions was

(#22).

Section E ‘‘Reflect’’ contains a set of 4 decisions

that experts make throughout the entire solving

process to reflect on their current work. 11/11

engineers determine if their solution is good or
how good their solution is (#26). Less than 4/11

subjects reflected on the appropriateness of their

assumptions and simplifications (#23) and on how

well their solving approach is working for their

current problem (#25).

Section F ‘‘Implications and Communications of

Results’’ is built of three decisions that experts

make when communicating information and results
to their audience. 8/11 engineers considered who

their audience for communication was when per-

forming their BOTE calculation.

4.1 Examples from Experts

To illustrate the full range of decision making

within subjects, we provide two annotated example
BOTE calculations recounted by experts below.

Example 1:

I was working in a facility that was making electro-

lyte for batteries, and this was solid at room

temperature. When it interacts with water it gives

off acid, so we would make these in 50-gallon

reactors, and at the end of the day you’d have a
yield of a couple inches of sludge at the bottom that

you had to get rid of. . . it had all the contaminants

that you needed to throw out. The process was. . .

they basically took a jackhammer. . . it’s just really

hard salt. . . you take a jackhammer and chip it out.

You can imagine, if it’s this water reactive stuff, it

reacts with humidity in the air and gives off gas and

stuff like. . . you give people a jackhammer and

that’s not a very good process (#4 Important

features and information). Someone said, what if
we react it out with water, so you say ok. . . first

order, what if I just take water, flow it in there, you

know. . . how much water would I need to dissolve

all this stuff (#3 Goals and constraints).

The first order was like. . . I know the solubility, I

know the numbers, so how much water would it

take to dissolve this stuff. So, you say, alright, this

is assuming 100% solubility, I don’t have to do any
sort of agitation or any sort of temperature stuff.

Take the easiest case possible, if everything lines up

and it goes according to plan, how much water do I

need. . . It was some absurd amount, like 10,000

gallons per reactor (#10 Approximations and sim-

plifications, #16 Calculations and data analysis). I

already knew, or I had to go find the environmental

engineer, how much does it cost to dispose of that?
So first, I say, it’s like 10,000 gallons of water. . . it

seems a lot of water for a 50-gallon reactor, but

what does that cost? Because maybe it’s pennies.

He tells you, it depends, what pH is it? And, you

know, your assumption. . . you have a very low pH,

so that’s hazardous waste (#23 Assumptions and

simplifications appropriate?). So, that’s $6 a

gallon. . . well ok, it can’t be hazardous. So that’s
when I went into the baking soda and said, well

what if I start neutralizing it? And then you start to

build, kind of. . . and you follow this path and it’s a

lot of decision and judgement calls and things like

that of. . . you know, how much do you know. . ..

And the environmental engineer, he might say:

well, you know we dispose of this other stuff

similarly, and it costs this much (#8 Potential
solutions). So you say: how much do I really need

an exact quote, right? The precision of your infor-

mation, versus the quickness of getting it (#14

Priorities), so. . . ok, we’ll just take that similar

thing because if it changes a little bit, it will be the

same order of magnitude. And you start to just

refine and refine and refine and figure out. . . what

your model looks like. In that case, I determined
that the way we had it, it was the cheapest (#22

What is the best solution?). You know, you’ve got a

known cost of the current process, and then I came

up with the fact that we would need so much water

and using the baking soda and all that, it just

wasn’t cost competitive with the current method.

So yeah, there’s a lot of just prioritizing the

preciseness and availability of information, espe-
cially when, you know, you might need an answer

today versus what’s the cost of getting an answer

next week (#14 Priorities).
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Example 2:

We’re trying to project our run rate for wafers

through our equipment and basically the business
folks were sitting in a meeting and they’re like hey,

here are the numbers. Here’s howmany wafers, you

should be able to put out per hour through your

equipment (#8 Potential solutions?). I’m just look-

ing at him, like that looks high, right like, I work on

these tools. . . that looks high to me (#18 How

believable is information?). They’re like, well, no,

this is what was provided originally in the design
phase. And I was like when? They were like 8 years

ago. And I was like okay, let me think. And so, I

just, like really simple stuff, just like ok I know how

long each wafer takes to process, and there’s a few

different, you know, oh these, these take longer

than these etc. but just like a rough weighted

average of like. . . 30% of our material takes 5

minutes, 40% takes 10 minutes, something rough
like that (#4 Important features and info, #10

Approximations and simplifications).

[I told them] within an hour, I can put out like this

many wafers and you said I can do 20% more, and

I’m like you’re over shooting (#21 Appropriate

conclusions?). And they’re like oh interesting. So

tomorrow I’m going to get follow up data to

actually like prove it out with real runs, but it was
at least enough to get star the conversation (#25

How well is solving approach working?). Like hey,

these numbers are off, so don’t hold us to those if

the business is projecting that we need this much

material, we might need more equipment, right?

Because they’re under the wrong impression (#21

Appropriate conclusions?). So, something like that

took like 1 minute in the middle of the meeting just
like hey you’re probably off base we need to look at

this a bit more.

5. Discussion

We categorized decisions that were made by 7/11 or

more subjects as significant decisions and explain

how they fit within the six categories of our pro-

blem-solving framework. In addition, we compare

the results of expert engineers with those of a similar

study performed on expert physicists.

5.1 Discussion of Which Decisions Were Found

and Why

The only decision made by the expert engineers was

deciding to consider the goals, criteria, and con-

straints of the problem (#3) to develop a predictive

framework and a clear understanding of what

specifically is being asked:

‘‘. . . the question that came from my processing is
‘Should we fix this air fin fan? Are there credits to fix
this fan?’ ’’

These experts did not need to consider what is

important in their field (#1) to develop a question

or problem because they are either assigned pro-

blems or they select problems, based on their

current task, to perform BOTE calculations on.

Similarly, they do not need to consider if their
expertise is sufficient to solve a BOTE problem

(#2). Realistically, the solver decides before starting

a BOTE calculation if the problem they were

assigned is appropriate for their level of expertise

and specialization.

Engineers in the interviews chose to frame their

problem by identifying the important features and

information of their problem (#4), what predictive
framework, or mental model, is required to orga-

nize information and solve the problem (#5), any

relatedwork or problems that could help them (#7),

the potential solutions that a problem might have

(#8), which helps guide their solving process, and

whether the problem is even solvable (#9) with a

BOTE calculation or even a formal calculation. The

following is an example of the previous five framing
decisions made by a single engineer:

‘‘If you have a pretty good grasp of the concept at
hand, if you know what variables are going to change
and how or towhat degree (#8), then it’s a good time to
run BOTE. If it’s multivariable and you have less of an
understanding of how changing one small variable will
change the whole system then that’s a pretty decent
time to do the full calculation (#7). . . You should
know the systems well enough to be comfortable with
the uncertainty of the results you’ll get (#7) with the
model you picked. The model you pick depends on
what you are working with, you use your familiarity
with the system to help you pick an appropriate model
(#4, 5).’’

If an engineer has already moved to the stage of

performing a BOTE calculation to answer a ques-
tion or solve a problem introduced by their super-

visor, co-worker, or customer, then they have

already narrowed down the problem sufficiently

(#6), thus explaining why this decision was not

used in the interviews.

Our interview results show that expert engineers

plan their solving process by considering what

approximations and simplifications will be required
to obtain a quick, approximate answer (#10), what

information is necessary to perform a BOTE calcu-

lation (#13), and what aspects of the problem need

to be prioritized (#14): ‘‘Time management is

crucial (#14), so I need to figure out how precise

my answer should be (#10), what info I have

available to me (#13), and how long it would take

to find that info.’’
The interviewed experts did not need to decom-

pose their problem into sub-problems (#11)

because their problem has already been simplified

enough that they can perform a BOTE calculation,
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and they also did not need to identify the most

difficult or uncertain areas of their problem (#12),

since most frequently these calculations are per-

formed on systems with which they are familiar (see

quotes in comparison to physics section). In addi-

tion, the decision to make a specific plan for
obtaining information (#15) was not performed in

a BOTE calculation, since conducting an experi-

ment or a survey to gather additional information

would transform these informal calculations into

formal calculations.

Following the collection of necessary informa-

tion and development of a solving process, engi-

neers perform these decisions when interpreting
information and selecting a solution: making calcu-

lations (#16), determining how to use their pre-

viously established predictive framework to

represent and organize their information (#17),

and considering how believable or reliable their

information is (#18):

‘‘The first order approximation (#16) was like: I know
the solubility, I know the numbers, so howmuch water
would it take to dissolve this stuff? So, you say, alright,
this is assuming 100% solubility, I don’t have to do any
sort of agitation or any sort of temperature stuff. Take
the easiest case possible, if everything lines up and it
goes according to plan, then howmuchwater do I need
(#17)? It was some absurd amount, like 10,000 gallons
per reactor. . . (#18)’’

It was not necessary for our subjects to compare

new information with previously made predictions

(#19), because these experts plan their BOTE

calculations by considering what information is

needed to solve their problem, therefore they

would not need to acquire any new information

after starting their calculation. The only anomalies
considered by our subjects (#20) were their poten-

tial solutions. As previously stated, if an engineer

had to run an experiment to solve a BOTE calcula-

tion, then this approximate and informal calcula-

tion becomes rigorous and formal, thus explaining

why no one in our interviews had to determine the

appropriate conclusions of experimental data (#21)

while performing a BOTE calculation.
When reflecting on the process and quality of

their own BOTE calculation, engineers said that

they only need to consider how acceptable their

chosen solution is (#26):

‘‘He started changing the process to serve this purpose
because he needed additional cooling. In this case, he
was able to use that calculation to determine that,
okay, we’re probably good enough to reach that
number, we’re probably not going to be limited, and
if we’re limited it’s going to be right around where we
want it.’’

All other decisions in Section E ‘‘Reflect’’ were not

significant in an expert engineer’s solving process.

These included making sure that their assumptions

and simplifications were appropriate at various

stages of their calculation (#23), if they needed

additional knowledge that they did not already

possess (#24), given their expertise and specializa-

tion. In addition, our subjects did not need to
ensure that their solving approach was still working

for their problem (#25). In the interviews, most

engineers verified that their result made sense at the

end rather than at various stages of their calcula-

tion, as these experts are often familiar with their

systems and uncertainties that may arise.

Our interview results show that, when commu-

nicating their results and implications, these experts
carefully consider who their audience for commu-

nication is (#28):

‘‘In order for you to have quality BOTE results, you
need to have good communication between you and
the recipient to see what their expectations are.’’

No engineer chose to consider what the broader

implications of their results were (#27) andwhat the

best way of presenting their work should be (#29).

These engineers did not make the latter decision for

their BOTE calculations since these calculations are
inherently informal. An explanation for the absence

of the former decision is detailed in our section

‘‘Comparison with Expert Physicists’’

5.2 Summary and Limitations

Decisions made by 7/11 or more expert engineers

are classified as significantly involved in the process

of performing BOTE calculations. The following

decisions are listed according to the order in which

they appear in our group’s expert decision-making

framework: considering the goals, criteria, and

constraints of the problem (#3), identifying the
most important features and information (#4),

considering what predictive framework to use

(#5), using related problems or work (#7), con-

sidering the potential solutions to the problem (#8),

figuring out if the problem is even solvable (#9),

making approximations and simplifications (#10),

figuring out what information is needed to solve the

problem (#13), prioritizing efficiency (#14), per-
forming calculations and data analysis (#16), repre-

senting and organizing available information (#17),

considering the legitimacy of available data (#18),

evaluating your chosen solution (#26), and con-

sidering your audience for communication of your

results (#28). These decisions make up the ‘‘pro-

cess’’ by which an expert engineer solves a BOTE

problem, but in practice, problem-solving is char-
acteristically iterative and non-linear [31].

These results provide evidence that prior experi-

ence solving authentic engineering problemsmay be

necessary to be able to correctly formulate a BOTE
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calculation. Our interviews showed that many deci-
sions regarding the framing of the problem are

required for BOTE calculations. Students will not

be able to do this unless they have opportunities to

practice framing other engineering problems. This

would seem to suggest that performing BOTE

calculations requires some degree of expertise:

experts perform BOTE calculations because they

have the requisite skills to recognize how to for-
mulate such problems.

There are a number of limitations to this work.

First, this is an exploratory qualitative study with a

small number of participants recruited from the

authors’ professional networks. It is thus not imme-

diately clear whether these findings will generalize

to a broader population of engineers, but this is an

important first step in beginning to characterize
estimation in engineering. Furthermore, we chose

to have experts recount their understandings and

experience with BOTE problems instead of using a

think aloud protocol. This was done to remove

some of our own personal bias as to what constitu-

tes a BOTE problem in the findings. It may also be

possible that experts may have been making deci-

sions that were not reflected in their accounts of
problem-solving. For example, we did not see

experts identify what are important problems or

questions in their field (#1), though it seems likely
that this would happen during the process of an

expert deciding to perform a BOTE calculation.

Hammer and Elby [35] argue that epistemology is

dynamic and context dependent. Thus, though the

experts expressed a locally coherent set of decisions

in their answers, thismay be different from the set of

decisions made in a more authentic context.

6. Comparison with Expert Physicists

In a recent study, we interviewed 9 expert physicists

about how they use BOTE calculations [36]. we

used the same decision-making framework to clas-

sify 15 decisions that appeared in 5/9 or more of
their responses as significantly involved in their

BOTE solving process. See Table 3 for a complete

record of the differences between how many deci-

sions were made by expert physicists and engineers.

There were only 3 decisions in which both groups

significantly differed, where there was a difference

of 50% ormore between the number of subjects that

made a decision between both groups, and these
were: (1) checking that their assumptions and

simplifications were still appropriate (#23), where

far more physicists than engineers made this deci-

sion, (2) considering what the broader implications

Characterizing Back-of-the-envelope Problem-solving in Engineering 1017

Table 3. Each decision cell contains (from left to right): Percentage of engineers (x=11) that made this decision, and percentage of
physicists (x=9) that made this decision. Significant decisions made by both groups of experts are in bold. Differences between engineers
and physicists over a magnitude of 50% are in bold and denoted by an asterisk (*)

A. Selection and Goals (1) What is important
in field?

(2) Opportunity fits
solver’s expertise?

(3) Goals, criteria,
constraints?

0% 0% 0% 0% 91% 100%

B. Frame Problem (4) Important features
and info?

(5) What predictive
framework?

(6) Narrow down
problem.

(7) Related problems?

91% 100% 100% 100% 0% 0% 64% 78%

(8) Potential solutions? (9) Is problem solvable?

91% 56% 73% 89%

C. Plan Process for
Solving

(10) Approximations
and simplifications.

(11) Decompose into
sub-problems.

(12) Most difficult or
uncertain areas?

(13) What info needed?

100% 100% 0% 22% 0% 11% 91% 100%

(14) Priorities. (15) Specific plan for
getting information.

82% 56% 0% 0%

D. Interpret
Information and
Choose Solutions

(16) Calculations and
data analysis.

(17) Represent and
organize information.

(18) How believable is
information?

(19) Compare to
predictions.

100% 100% 64% 78% 64% 100% 0% 11%

(20) Any significant
anomalies?

(21) Appropriate
conclusions?

(22) What is the best
solution?

0% 0% 0% 0% 27% 11%

E. Reflect (ongoing) (*23) Assumptions +
simplifications
appropriate?

(24) Additional
knowledge needed?

(25)Howwell is solving
approach working?

(26) How good is
solution?

27% 78% 0% 22% 36% 44% 100% 100%

F. Implications and
Communications of
Results

(*27) Broader
implications?

(*28) Audience for
communication?

(29) Best way to present
work?

0% 67% 73% 11% 0% 0%



of their result are (#27), which far more physicists

considered than engineers, and (3) choosing to

consider who you will be communicating your

results to (#28), where more engineers than physi-

cists made this decision. We have summarized the

decision-making process for physicists vs. engineers

in Fig. 1.

These differences among engineers and physicists

reveal how their goals and priorities can impact

their use and application of BOTE calculations.
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Fig. 1.Decision-making flow chart for engineers (bottom) and physicists (top).Decisions are presented in a logical order, but in reality the
process is often iterative.

Table 4. Contains examples of three decisions that had significant differences in use between both groups of engineers and physicists.
Quotes denoted with an asterisk (*) are used as examples for why that group of experts did not make that particular decision

Decision Physicists Engineers

(23) Assumptions +
simplifications
appropriate?

Examples of physicists making this decision:
(1) ‘‘I look at the answer and try to assess whether
or not it is something I might expect. I use my
intuition to determine if my answer should have
been smaller or larger, and I use my intuition to
explain my answer. At all steps, you’re always
assessing if you’re comfortable with what you’re
doing. Are all the steps reasonable? Or is there an
assumption that you aren’t as comfortable in?.’’

(2) ‘‘Always try to reduce it to freshmen/
sophomore physics- nomatter what it is. Instead of
reading the literature behind a physics
phenomenon, I try to recreate the physics to better
understand the problem.’’

Examples of engineers not making this decision:
(*1) ‘‘I can tell that I am going on the right path if I
have already solved a problem like this before.New
systems are more prone to errors.’’

(*2) ‘‘The initial values are all data, so I make sure
that that the data are correct by checking their
order of magnitude. I keep units throughout my
work, so I can compare numbers together and
make sure they make sense.’’

(27) Broader
implications?

Examples of physicists making this decision:
(1) ‘‘[Do BOTE calculations] before starting any
problem to get a general feel for the physics of it.’’

(2) ‘‘[By doing BOTE calculations,] students think
about the physics before plugging in or looking up
any equations, which develops their physics
insight’’

Examples of engineers not making this decision:
(*1) ‘‘I’m more comfortable evaluating BOTE
calculations from systems I’ve worked on before. I
always back up my BOTE calculations with actual
data and fact- I am more of a risk averse engineer.
If you start getting BOTE problems wrong
constantly then your reputation as an engineer
starts to drop.’’

(*2) ‘‘Generally I can tell [my calculations] are
good because I’m solving the simplified version of a
more complex problem that I have already solved
multiple times. It’s just through the intuition I’ve
built over solving many problems.’’

(28) Audience for
communication?

Examples of physicists not making this decision:
(*1) ‘‘With physical intuition, a lot of times BOTE
is used to build or check your physical intuition.
Sometimes students plug in numbers quick and
dirty when solving problems, so they don’t get the
intuition. These problems are useful for students to
build their intuition.’’

(*2) ‘‘[Use BOTE calculations] anytime you can.
Sometimes thinking about all the formulas gets
very complicated, so it’s important to think about
elementary ideas.’’

Examples of engineers making this decision:
(1)’’In order for you to have quality BOTE results,
you need to have good communication between
you and the recipient to see what their expectations
are.’’

(2) ‘‘[Use BOTE calculations] when you have to
make a quick decision and you don’t want to
interrupt the flow of convo. This is dependent on
who you are talking to, like a technician, engineer,
or manager.’’



Engineers said that they often work with estab-

lished models that they have practiced in their

continuous study and work, while physicists are

more likely to derive their ownmodels using dimen-

sional analysis and similar methods of approxima-

tion, so it makes sense that physicists would need to
ensure that their assumptions and simplifications

are valid and that engineers would already be

comfortable using models and equations that they

have practiced in the past. See Table 4 for examples

of engineers being familiar enough with their sys-

tems that they do not need to constantly ensure that

their model is working for their problem. Likewise,

it would not be necessary to consider what the
broader implications of a solution are for an

expert engineer because their BOTE calculations

are typically narrower in scope than those con-

ducted by physicists. See Table 5 for contrasting

examples of how physicists use BOTE calculations

to develop a deep learning and understanding of the

underlying physics concepts of their problem, while

engineers do not need to think deeply about their
result as their familiarity with the systems they are

working with allows them to recognize and apply

their practical result. An interesting difference

among the two groups is that it is mainly the

engineers that need to consider who their audience

for communication is, as they need to work closely

with their recipients, which includes teams and

management, in order to deliver an answer that is

quick to calculate and adequate for their given

requirements.

7. Conclusions

This work represents a first step in defining the scope

and purpose of BOTE calculations in engineering.

Using the previously established expert decision

framework, we have cast BOTE problems in terms

of a finite set of skills to be practiced with feedback
in order to gain competency in performing these

calculations. These findings provide interesting

opportunities for future research, such asmeasuring

the impacts of REU programs on BOTE problem-

solving ability in undergraduates. One could also

conduct longitudinal studies with physics and engi-

neering students to see how these skills develop

through both coursework and research/internship
experiences. We hope that this initial work will

encourage other researchers studying problem-sol-

ving to more thoroughly investigate estimation and

the important role it plays in engineering.
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