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A technique is presented for modeling prescribed motion machinery svstems using a digital
computer and a simulation language appropriate to the particular computer available. The
technique utilizes loop equations to determine the nonlinear ordinary differential equations
describing the motion of the machinery system. The set of differential equations is treated as an
initial value problem to determine uccelerations, velocities, displacements and reaction forces for

a cvele of motion or for whatever time interval is of interest iilization of a simulation lanouaoe
a cycle of molnen or jor whatever lime nlervai s of inierest. Lilization of @ stmuialion language

Jor the solution of the equations representing the physical sysiem allows the generation of
accurate, reliable numbers for variables of interest with a minimum involvement in the details of
the numerical techniques being utilized. An exumple is presented 10 illustrate the technique.

The presentation in this paper is such that an instructor who has little or no experience using a

ri;arml simulation lanouace 1o model kinematic svstems conld use the material nrﬂtﬁnfr)zf here to

gel up to speed and take a class through a series oj problems of increasing tomp[mrn

odel 10 sysiems ¢co O85¢

The

advantage of the digital simulation approach is that the variabies of interest are obtained for the
Jull evele of motion of the device being modeled rather than just an isolated value of the input

motion variable.

CLASSICAL techniques for the analytical and
graphical analysis of kinematic systems, Le. pre-

corithad matinn nraohlamc
SVAIULU IV LIVLL PIUUIVIILS,

which involves the sequential solution of the
position, velocity and acceleration problems.
These techniques have generaily resuited in the
determination of the unknown kinematic variables

at a single instant in time. If one is interested in the
kinematic variables over a full cycle of operation
I.IIC dudtySiS, dllIlUUgll lCUlUub can UC pCIlUIIIlCU at
successive positions of the input members. These

techniques are detailed in the standard kinematics

nroagoraccinn

ntiliza
LURICooIUI

uLLILT A

o

textbooks [1].
An altarnative annraach g to renrecant tha
LAl Aalltviiauvye a 1udavil 1o W 1\-}}! LCOoLldiL  ulv

device by a set of differential equations and inte-
grate these equations over a cycle of operation or
some other appropriate time interval. The differen-

tial pqunhr\nc which describe mqr‘hlnpry gveteme

LEGualEAS Waadiba: UTOLALUT lialiiiiiaea Syotoiiis

tend to be highly nonlinear and coupled in the
highest order derivatives which precludes a nice,
Uﬂy, ClOSEG'IDl’!’I’l SOIUI]OH l"Ol' HIIS reason 1( is
necessary to resort to a numerical t_n_teora_tton
procedure on a digital computer to generate solu-
tions to the system of differential equations which
result once a mathematical model of a machinery
system has been developed. Fortunately, software
packages are available which reduce the simulation
of systems described by sets of ordinary differentiai

eqnnhnnc to a rather low level of difficultv. Some of

BQUIVILS (U G 1Guibl aUWY AT YU Ul Uil sy - SUiv U
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those t Ly pt\.au s available and suitable to
ACSL, CSMP and TUTSIM.

The use of digital computers for the simulation of
machinery systems was initiated in the late sixties

and anrlu covantiase Panl [2]l nracante an nvarview nf
Al Ldily SUVLIiuLs. faul (£ pProstii all Uved vitw Ul

the development of several of the early computer-
oriented, machinery simulation programs. The

deveiopment efforts resuiting in IMP |3j, DRAM
[4L, MEDUSA [5], DYMAC [6]and ADAMS 7] are
acknowledged "These programs offer the user an
easy means of determining the forces and motionsin
typtcat i‘l‘laCuli‘lt‘:i‘y systems if the system falls within
the scope of problems covered by the program.
The approach adopted in this paper is to have

the instructor and/or the student develop a set of

annranriate diffarential aanatinneg tn renracent tha
(I.I.JIJI Ul.lllul\- ulll\—l\-llllﬂl v\luuuuuo w IUIJI.UD\.AII lll\—

system being simulated. The base for the equations
are the loop displacement constraint equations
appropriate to the physicai system being modeied.

In the context of thig paper the equations are solved

and integrated using the digital simulation language
ACSL [8], although any of the other general-

ic

L{e}} [OI'CIUC or
motion information about the system bemg simu-

lated. In addition, the technique is applicable to

nd
and to

Linamatin mrahlame fmracoarihad matian)
Rnillviliatliv PIUUIDIILD \lJlbD\..llUUu nouvil

dynamic problems (prescribed force). This paper
details the development and implementation of the
appropriate equations for kinematic systems while

a seauel paper will revise the mpthndnlno‘y to a

SoAuca YWai:i aTVIST T AU uUay (<3

form approprlate for dynamic systems which are
often referred to as prescribed force problems.
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AAAAAAAAA Py P | lm-\m ‘1(\ cimnilaritiac
The dppIUdLJl aaopicd Nneic as simiariics 1o
the work of Paul [9] and Timm llO In [9] the

emphasis is on mtegratmg velocities to obtain
dlsplacements In the present paper the accelera-

tinne ara ntilized to maintain dimensional comna-
ti001S Qi€ uuLLCU W iGuidin LS Luanpa

tibility with the force equations and for ease of
reaction force calculations. The accelerations are
integrated twice to obtain velocity and dispiace-
ment information. Additionally, the problems
associated with linking subroutines together. with
one exception are removed by the use of a
simulation language such as ACSL.

The digital simulation approach developed by
Timm [10] was an outgrowth of his earlier work
utilizing analog computers to simulate machinery

cycteme [11] and included the uge of rate recolverc
SYSiCins i; 11 anG INGUGCE LIC USC OF Al TCSOIVELS

for angular variables and explicit equations for the
motion variables. Experience has indicated that
rate resolvers are unnecessary and accurate simu-
lations are obtained in less time if the motion

variables are not solved for explicitly. Thus, neither
rate resolvers nor explicit equations are used in the

The specnﬂc simulation language which will be
utilized for the example problem is ACSL. This
language is quite similar to other langu

1 s such as

a
C§MP, CSSL, TUTSIM, and SL-1. The objective
of each of these software packages is to simplify the

tack nf mndaling nhuciral cuctame W lay L ava Aas e
LAONn Ui lllU\-Il,«lllls IJJI)’ a1val BJD Lo w 11 Al C UucHLlr

oe
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bed by sets of ordinary, usually nonlinear, dif-
ferential equations.

The most powerful feature of the simulation
DaCkHOPQ is the inteoration aloorithm Thece are

LhRdy A3 RS LI pI QUi QigUiiuiiii, 1 ulob arv

b]ack boxes which the user calls to solve systems
of differential equatlons without bemg concerned

PR

about the actual details involved in numericai
mteEratlon The algorithm can be represented

dlagrammatlcally as shown in the top two  blocks of

Fig. 1.
Sunnnce tha cimunlatinm invnluae o cammn PRgERL. Y
Dup puUse uie Sliniuidiion 1uvu1vca a bCLUllu ULaclt

—0(0)
_ (] )
J dt =
ut
— 0(0) nformation
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Qificr C-llLlal. llU 1 1ll ain auguxal variaoic y‘ 11T
input vanables to the integrators are a(f) and

w(G !) and initial conditions on 6 and w. The initial
conditions are used once at the start of the simula-

tion which ic ucuallv at time 7 = n When the valueg

LILJAD WYARLILAR IS USMGIY G LLIIC & VY LATAL LT YAIuLd

of §and @1 which are input to the integrators are
operatcd upon by the numerical integration algo—
rithm the results are output quantities 6/and 6. If
the input Gand Htare mc.tant..l,neous values at time
t, the output quantities 6!and @ are the values for
these variables at r + At, a short time later than ¢.
The differential equations which represent a
mathematical model of a machinery system are
typically coupled in the higher order terms and are

usually so nonlinear that there is no way to

uncounle them which i¢ valid for anv reaconahle

VLU U PRI UITIIE WALV 10 VAU iU Qily ivasUiauviv

time interval or range of motions. Thus, in addition
to the integration problem a function evaluation
musi be performed. The funciion evaluaiion can
also be represented by a ‘black box’, and is indi-
cated schematically in the bottom block of Fig. 1.
In terms of inputs and outputs the function

avabintinmn e~ ncrace ~ron agorilhad oo Fallaware

Cyvalualuil lJl. ULLdd Lailt bc dCDLal. 1IUCU ad 1ULIUYD,
Given all the position and velocity information at a
particular instant of time, calculate the correspond-
ing accelerations. Notice that the function evalua-

tion nrocece takec nlace at a narticular inctant in
tion process taxes piace at a particuiar mstant in

time. The integration process advances time and
prowdeq new velocny and posmon 1nf0rmat10n A

described h

T T TS

could conceptuﬁlly be solved by the
of Fig. 1.
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AN ACCELERATION-BASED SIMULATION

o,
o
) wn
=
o »e
o]
=]
e
(v]
»
o]
=
(¢]
(=
(¢]
=4
(0]
(=N
=]
Qo
@,
=,
<
a
=
-
o
=]
=1
=
-t
[¢]
=
@

Fig. 2. Schematic and vector equivalent of a slider-crank
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lockwise from the horizontal (x) axis, the vector
velocity constraint equation is

@, X Ry + @y X Ry + 88=0 (2)
This equation could be written in terms of the
eralas Ancmen s amto wxrles Amaild ko cnluad lay tha
atailal LUIILPUIICII[E WlllL-ll Couia oc sGi1ved l]y Lic
simulation program for velocity and displacement
information. However, if force and/or acceleration
information is desired it is appropriate to use a

hicsher order model which is eiven h\r further

angnti UaGos nout: Whanln Byl iuaa il

differentiating relation (2) with respect to time to
yield

w,X(w,XR)-I—a,XR + @; X (0 X Ry)
+d, X R,+ 85=0. (3)

In terms of scalar components this equation yields
o 0

s8,— Riasinf, =0

— R wico
4
and for the y component
~—R,w3sin6, + R,a-cos 6, — R;w3sin 6,
+ R,a;cos6,— §=0
(5)
Solving expression (4) for a; yields
a,=|R,wicosh, + R.,a,sinf, + R wicosh;|/
{(—R;sin8,)
(©)
and soiving (5) for ' gives
§'= R,w3sinf, — R,a-sin 6,
+ R,wisinf#, — R a,cos 6,
(7)

Expressions (6) and (7) can be integrated to yield
() and §(¢) and again to give 6,(¢) and 5(¢). For

the Linematic madal it ic oconmor‘ that tha crank
i€ Kinématic mogae: il 1§ assumed tnat e crank

variables 6,, w, and a, are known functions of
time.

Once the angular acceleration of the connecting
rod and the piston acceleration have been deter-
mined, sufficient information is available to cal-

ernlate the linear arcelaratinn nf earh mace center
Cuiaie ng inear acceieralion Of €acin mass cenicr.

Let vectors R, R;, and —S locate the mass centers
of parts 2, 3, and 4 as indicated in Fig 3. The mass

center accelerations of the cram(snan connecnng
rod and mqfnn are determined hv anpr l’lﬂ!‘P

and piston determined appronriate
dlfferentlatlons.
dz _ <
— (Ry=a&, X (@, X R)+a, X R, (8
dez "2 { 2) 2 z (%)

(P L DN Wi N DAL S Do -
ar (ARG 2R (W, X LT ad, X Ry T w,
s s T ng DM L= s D N
{(wy X Ry +a, X R, )

& oo
L —5H=-5 (10)

The rectangular components of the vector equa-

tions (8) and (9) are given below. The variabie

ACM?2I is interpreted as the acceleration of the
center of mass of part 2 in the x direction. The
other variables are similarly interpreted.

ACM2I= —R'wicos (6, + ¢,)
— Ria,sin(6, + ¢.)
ACM2]= —R'wisin(6, + ¢.)
+ Ra-cos(6, + ¢.)

ACM3I= —R,w3cos(6:) — R,a,sin(6,)
— Rwicos(6;+ ¢)
K A3 T3
R'ey cin(A_ 4+ 4\
23055003 7 9;)
AMAAITN = DR n2cinmn fO N L D oy oa~c N
LACAVIOS .I\:lU:DI. 1\[’2) T l\:u:LUD\U:)

ns .2 N i W RN

— Ryw3sin(F, + ¢,)

+ Ra;cos(6,+ ¢,)

The model of the slider-crank which uses the

accc}clatl(‘)l—i constraint relations can now be modi-

fied to include the calculation of mass center
accelerations.

These equations are completely. general. For

cnacific examnle the mace rentere will he I,
SPULIIC CAGQIIPNC, UL IIASS LLITIS Win U locate

midway along the connecting rod, at the wrist pin
connection for the slider, and the crankshaft will be
assumed balanced.

CLL‘D

REACTION FORCE ANALYSIS

Adonpt the notation that F is the force exerted
on link i by link j. The reaction forces acting on the
moving parts of the system are shown in Plg 4. The

noerenantivae ic adantad that an anoina ic haing
Pyiopviuye 1o auuyl.vu Hidal all CIELIV 1O Uvlllg

modeled so that F,, is the agent of driving force
and T, , is a load torque, i.e. the torque T, is the
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Fig. 4. Applied and reaction forces acting on the slider crank.

torque exerted on 2 by whatever is being driven by
the engine. For a kinematic model both of these
effects are known.
The magnitudes of the F,; are needed in order to
select bearings for the revolute conncctlons and
pcrf{}rm deflection and stress ¢ aua.ly\l:\ on the links.
The variation of T,, over a cycle operation is an
indication of whether or not a fiywheel is necessary.
There couid be any number of appiied forces

actine: some innr‘l characterictic actino aﬂalnct the

SLlpy SLAAL VAU Vilalatibiisul atal CLIISL LIl

rotation of link 2, springs or dampers attached
between two moving pointq or between moving

e el

points and ground, or the force of gravity. None of
these effects will change the approach to reaction

gL e apy Caclilio)

force analysis since they are position- or velocity-
dependent effects. These effects only increase the

detail of the mandal Far a aranlchaft rotating with
Mwada v v iiivuici, 1l a Llalll\\llall lUlﬂllllB Wllll

constant angular velocity the load effects will be
lumped into a constant magnitude viscous plus a

square- ldw (lrag IOl‘que actlng agalnst the rotation
of the crankshaft WII‘h thic load effect the reaction

1o Lidallikslliall. i1 LS AVQM Vit uiv i valuiviaa

forces will be determined. Newton’s second law, in
the form of d Alembcrt s principle, for each of the

TR I Sy Dy,

m \
wmuviiyE par s leullb lIl

ot Fy + Fa—mua,=0 (1)
Fiyt Fiy—mya; =0 (12)

Fos+ Fyy—mya, =0 (13)

RyX Fyy+ T, k= Ry X mydy— Lydy— Tyk=0
(14)

Ry X Fy,— RyX mya,— La,=0 (15)

The vectors R: and R’, locate the mass centers of
parts 2 and 3 from the’ pomts of application of F,,

nAd _
and F 32 [Cbpectlvely The set of scaiar equatlons
equwalent to the .':Ihr\\JP after subgtitutin

LIIE a0 ailtl Sud 2K g £231v1

Fn and — FuforF“,ls
Fyp— Fiyy=0 (16)

_F$.4y = mudy, + Fo (i7)
Fiyo— Fspy=m;a;, (18)
Fyyy— Fyyy=mya,, (19)
Fist Fyy = msa,, (20
Fyq + Fy = msa,, (21)

Rycos(0-)F, 3, — Rysin(0,)F,, + T, = La,

+ R'cos(8,)m.a,,

— R'sin(6.)m.a., + T, (22)
Risin(0,)F,,, = L,a,

+ R'cos(8;)m;as,,

— R'sin(6)m;a;, (23)
Equation (16) does not include the applied gas

force F,, because this force has a y component
anly Eanatinn (17 dane nat annt r hanniica
Uliy. L‘Llu.al.l\lll \1 I Qaoes not Cointain 1 4] vcLausc
the reaction of the cylinder on the piston is normal
to the direction of piston motion for a well
lubricated system. In writing equations (22) and

(7 1\ it has been assumed that the mass centers of

ULl adSuiiiviu il uiiv 111ass Leiiitvi s Ul

parts 2 and 3 are located along vectors R, and R,
by the vectors R and R’ This is not necessary,
nowever it simplifies the exampie. If this is not
representative of the actual device the effect of

ould easily be

Ricos(6,)F,, —

bemg offset from vectors R, and R, ¢
included.

Fanatinng 1A M2\ smunlua aioh+t grnlar

l..:\.il.lﬂl.lUllb \LU) \‘-J) Hivy CIBILL avaial
unknowns. Thus, the eight equations could be
solved for the reaction forces at each integration
step using a simulitaneous linear equation solver.
Another procedure results when it is recoonized

2RALRAINE PAUSSAAIT AU0RILS WAITIL 1L A5 IR USLANS

that the reaction force equations are already
uncoupled if the calculations proceed ina specific
or UU[ i"\l dlly leuc Ul ilme lll(‘.' leUC I'34 can Dt:
calculated from Equation (17) once the accelera-
tion of the piston, S5, is known. Follow this with the
calculation of F, ;, from Equation (19), then F,

from Eanntian 1) Aftar thagae calanlatinng hava
LIUIIL DYUAUULL (&4 ). 23] UILST Callulduulls ave

been performed F,,, can be determined from (23).
F,,,and F, ;, are then determined from Equations
(16) and (18). Equation (20) is then used to
calculate F. i anllv the torque T. i whmh forces

the constant crankshaft angular velocrty, is cal-
culated from Equation (22) The external force
dLLlﬁg on the plthﬁ will be modeled as an air
standard Otto cycle with a compression ratio of

8:1.

KINEMATIC SLIDER CRANK RESULTS

he kinematic siider-crank modei deveioped
a

s implemented in ACSL. The values for

i Yaiuaos

w

1
pove was implemented m AC

hysical parameters used are tabulated in Table 1.
copy of the ACSL code is available from the
uthors on request.

Results for the reaction forces and required
drrvmg torque to enforce the assumed constant
velocity of the crankshaft are shown in Fig. 5.

Whan somnaring tha muimarieal data ncad tn
yryiivii \cUllllJal.ll.l.B lllU Hulliviival uaia uovu

D-l >0
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Table 1. Parameters for kinematic slider crank simulation

Link lengths Masses Mass moments of inertia
R, =0.0508 (m) M, =17.5 (kg) 1,=0.0452 (kg m-)
R,=10.2032 M,=875 [,=0.0113

Ad — A4 128
M, =438
Dragtorque T, =0.113 . + 0001137 . * w. (Nm)
(- e | n .~
Gas force applied to piston (air standard Otto cycle—two stroke)
FEXT = 3880.4/(0.2685 — §y*1.4 (comprewum)
FEXT: 19116.7/(0.2685 — 5y*1.4 (expansion)
Driving motion
w,=252.336759 rad/s (assumed constant)

For convenience IL = 0.0 (bala

nced crankshaft) and R ,= R,/2.0

(e.g. midway between hcannp)

8 §,_ 8 KINEMATIC ENGINE REACTIONS
m] ™) m {I

l\
AN
z'|z|=z
<1215 | ] / \
B \ / \
2 8l ) L\ /

'\ T A
sl s N7 ~
o~ o o°r

0.00 ﬂ%ﬁrmy 'l...z szf‘.lla%Fm 3.60

Fig. 5. Plots of the kine|

generate Fig 5 for the start of the cycle and the end

of the cycle, the force values are identical and the

torque value differs in the 6th significant figure.
InFig. 5,time=0 corresponds to the crankshaft
ing horizontal and rotation counterclockwise.

e A b ez TIIET AN — ON° 1L«
lUlJ quU CENier OCCurs at 1 1AL =%5u s DOUL=

tom dead center is at THETA2 = 270°. The top
curve is the force at the crankshaft main bearings
and the crankshaft-connecting rod connection.

Thece reartinnce ara identical cince the crankchaft
LIILOL ICAavLIUILY dlv IUCIIULAdl SIILVE LIV CIdIIRSIIdIL

was assumed perfectly balanced. The lower curve is
the reaction at the piston and connecting rod
bearing.

CONCLUSIONS

A technique has been presented which reduces
the simulation of kinematic systems to a rather
straightforward process of implementing loop

onngtraint anmatinang and A’ Alamheart's nrincinle ta
CULIDLIQLIIL VHUALIVIID Allu U MUVIIIUVIL O lJ]. L

obtain any desired motion or force information
about the system being modeled.

matic engine reactions.

The approach parallels that of Timm [10] with

two major exceptions. Rate resoivers are not
utilized and no attempt is made to reduce the

number of motion or force equations through
extensive algebraic manipu]ation The import and
auv'aﬁtage of avommg these argcuraic manipula-
tions is more evident in a sequel paper where
prescribed force systems are considered.

The technique described has advantages from

hath the ctudent and Tt
[FATAS Y |8 ¥ L [SRACAN L PR aliv aL

inctriisctnr viewnaninte
L1110 ULV LuvL Yiwyy FUIIIL-‘,-

reinforces Newtonian and d’Alembertian concepts
from an elementary dynamics course without
recourse to any advanced concepis such as Lagran-
oian mechanics, It allows the student to simulate

Hraar ARLLialliLe, 2 8LV 20 STRUCIIL L siinilialk

physical devices through a complete motion cycle
rathcr than focusing on a smgle posmon utilizing
hand calculations or graphical techniques.

This approach also allows the instructor to
approach kinematic motion and force analysis
from a general point of view by treating the system
as a coupled set of nonlinear differential equations

which require digital computation for their solu-
tion. The students solve nonlinear differential
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equatlons ina context that lends itself quite well to acceleration analysis the authors use a force-

e tha onln n hy rlaccieal kinematie analy- arralaratinn madal and traat tha nrahlam ac an
Lllcuuug uic soiution Uy Lidosositar fanbinaul anaiy actiitialivil 1000 alla itdl e pIOouiciil a5 dlk
sis techniques. initial value, differential equation problem. In an

undergraduate education environment . this
approach reinforces the students’ basic mechanics

SUMMARY background while they experience a solution

methodology for nonlinear differential equations

This paper details the use of a continuous system where the numerical results can be verified by

simuiation 1angi.iage for uluucnug kinematic classical teclmiques ii]'\"()l‘\iiﬁguauu calculations or
machinery systems. Rather than the classical graphical methods.

approach of a sequential position, velocity and
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Wyoming in 1960 and 1962 respec vely He was an NSF Science Faculty Fello at Purdue
University where he received the Ph.D. in Mechanical Engineering in 1969. He is currently

at tha I Inivercity of Wvamine He ig the author of the texts
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Modern Digital Control Systems (Marcel Dekker, 1981), The Control System Design Program
(Addison~Wesley, 1988) and Introduction to Engineering Systems (Allyn Bacon, 1988). Dr

Jacouot’s recent intaract in aducation hag heen the develanment of interactive desion cnﬂwnrp
MAUOL S TCCCIT INICICSL i SAUCaton 2as DL S CEVEIOPINCIL O HItClas Ve UCalgll stiawais

for systems engineering and the development of animation tools for the classroom teaching of
engineering dynamics, dynamic systems and vibrations. He is a member of IEEE, ASME,
Qmma Xijand ASEE He hac hean active in the r‘nmnlllurc in Educa _0!1 Division (("nF‘I')\ ﬂf
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ASEE.

David I.. Whitman, Dr Whitman received his RSEE and Ph.D. in Mineral En ne rmo from
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the University of W' ommg in 1975 and 1978. He is presently Professor o Petroleum
Engineering and the Assistant Dean in the College of Engineering at the University of
Wyoming, For many vears he has beern involved in the development of software that is helpful
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in the teachmg of particular engineering concepts. He is currently the program chairman for

the Computers in Engmeenng Division (CoED) of the American Society for Engineering
Education {AQFF\ He is a member of SPE, Sigma Xi and ASEE.
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